In this paper, we demonstrate that in one dimensional domain, highly nonlinear reaction dynamics given by Hill function may have dramatic changes when discretization size is smaller than a critical value. Moreover, we discuss numerical methods to correctly (under certain precision) simulate Hill function dynamics in the microscopic RDME system.
INTRODUCTION
Stochastic simulation methods for spatiotemporal biological systems, particularly reaction-diffusion systems can be categorized into two theoretical frameworks: the spatially and temporally continuous Smoluchowski modeling framework [6] and the compartment-based modeling framework, formulated as the spatially discretized reaction-diffusion master equation (RDME) [2] . The Smoluchowski framework stores the exact position of each molecule and is mathematically fundamental, whereas the RDME is coarse-grained and better suited for large scale simulations [1] .
Permission to make digital or hard copies of part or all of this work for personal or classroom use is granted without fee provided that copies are not made or distributed for profit or commercial advantage, and that copies bear this notice and the full citation on the first page. Copyrights for third-party components of this work must be honored. For all other uses, contact the owner/author(s). Copyright is held by the author/owner(s In RDME, the spatial domain is discretized into small compartments. Within each compartment, molecules are considered "well-stirred". Diffusion is modeled as continuous time random walk on mesh compartments, while the reactions fire only among molecules in the same compartment. It has been proved that the RDME of bi-molecular reactions in 3D domain becomes incorrect and yields unphysical results when the discretization size approaches microscopic scale [4] .
HILL FUNCTION DYNAMICS
We construct a simplified test model of a reaction-diffusion system in one dimension to simplify analysis. In the test model shown in Figure 1 , an enzyme species E (typically a transcription factor) is constantly synthesized and degraded. It further up-regulates the DNA expression of a product P . The synthesis rate of P is formulated as a Hill function. Assume that a one dimensional (1D) domain of length L is equally partitioned into K compartments with size h = L/K for each. The reaction propensity of the Hill function in compartment i is formulated as a3 = ksyn · h
At the equilibrium state, the distribution of the total population of E is given by the Poisson distribution,
L denotes the mean of the total population of product P in the domain. Then the mean reaction propensity for the synthesis of protein P in the ith bin is
When the discretization size h is small enough (Hill function approaches one quickly if n ≥ 1), the propensity for the product P synthesis reaction can be approximated as
Then the total product P population in all K bins is
Equation (3) shows that the total population of product P is a linear function of the mean population of E and the discretization size.
The numerical analysis above are based on two approxi-
Assuming an error tolerance of 5%, the Hill dynamics reduce to a linear function when the discretization bin number
FIXED LENGTH SMOOTHING METHOD
Inspired by the convergent-RDME [5] , a remedy for the failure of Hill function dynamics in reaction-diffusion systems is to smooth the population over bins within a certain distance. We choose the smallest bin number m that would not result in failure of the Hill function dynamics, i.e., m such that neither of the two assumptions in the previous analysis are valid. The choice is
Following the terminology in convergent-RDME [5] , the "reaction radius ρ" of Hill function dynamics is defined as ρ = m · h, where m is given in (6). Figure 2 shows that the convergent smoothing technique gives very good simulation results for all h values. 
HYBRID METHOD
In order to have a stochastic model that is consistent with its deterministic counterpart, the propensity function should take the form f (⟨xi⟩). This motivates us to adopt the hybrid ODE/SSA method and apply it to the reaction diffusion systems. This hybrid method was originally proposed by Haseltine and Rawlings [3] .
We applied the hybrid method to the test model. In our simulation, all diffusion events are partitioned into fast systems and solved by ODE solver LSODAR, while the chemical reactions are simulated by SSA under the hybrid framework described above. As an ongoing research, we only tested the case Km = 25 and Figure 3 shows the corresponding numerical results. 
CONCLUSIONS
An investigation of Hill function dynamics in reactiondiffusion systems reveals that when the discretization size is small enough, the switch-like behavior of Hill function dynamics reduces to a linear function of input signal and discretization size. Proposed fixed reaction radius smoothing method and hybrid method, seems to give a very good remedy to this problem.
